In this paper, we investigate theoretically a system consisting of a one dimensional Bose-Einstein condensate trapped inside the optical lattice of an optical cavity. In the weak-interaction regime and under the Bogoliubov approximation, the wave function of the Bose-Einstein condensate can be described by a classical field (condensate mode) having some quantum fluctuations (the Bogoliubov mode) about the mean value. Such a system behaves as a so-called atomic parametric amplifier, similar to an optical parametric amplifier, where the condensate and the Bogoliubov modes play respectively, the roles of the pump field and the signal mode in the degenerate parametric amplifier and the s-wave scattering frequency of atom-atom interaction plays the role of the nonlinear gain parameter . We show that using the nonlinear effect of atomic collisions, how one can manipulate and control the state of the Bogoliubov mode and produce squeezed states.
I. INTRODUCTION
The radiation pressure coupling between the optical field inside an optomechanical cavity and its moving mirror has been employed for a wide range of applications such as the cooling of the vibrational mode of the moving mirror to its quantum mechanical ground state [1, 2] , ultrahigh precision measurements [3] and the detection of gravitational waves [4] and also providing a good approach for fundamental studies of the transition between the quantum and the classical world [5] [6] [7] .
On the other hand, in hybrid systems consisting of a Bose-Einstein condensate (BEC) trapped inside a high finesse optical cavity [8] [9] [10] interacting dispersively with the optical field of the cavity, an effective optomechanical coupling comes into existence in which the fluctuations of the atomic field of the BEC (the Bogoliubov mode) plays the role of the vibration mode of the moving mirror in an optomecanocal cavity. For low photon numbers or in the weakly interacting regime the dynamics can be restricted to the first motional mode of the BEC which plays the role of the mechanical oscillator [11, 12] .
Optomechanical systems have also attracted considerable attention in connection with quantum state engineering; because of the great possibilities they are expected to produce nonclassical states of both the mechanical oscillator [13] and the cavity field [14] . From the point of view of quantum mechanics a system which may be a macroscopic object like the moving mirror of an optomechanical cavity can be in a coherent superposition of different quantum states. Recently, due to improved * adalafi@yahoo.co.uk technology, there has been a growing interest in the possibility of observing such superposition states, commonly known as Schrödinger cat states [15] . Coherent states of the electromagnetic field mode inside an opical cavity is a good candidate for these macroscopic states [16] . Recently, it has been shown the possibility of generating motional nonlinear coherent states and their superposition for an undamped vibrating micromechanical membrane inside an optical cavity [17] .
One of the most important characteristics of the optomechanical systems is a kind of inherent nonlinearity which is due to the mutual interaction between the optical field and the matter inside (the moving mirror or the atomic ensemble) [18] [19] [20] [21] . This nonlinearity leads to realization of the Kerr effect in such systems [18] . In hybrid optomechanical systems containing a BEC there exists another kind of nonlinearity which is due to the atom-atom interaction. Both kinds of these nonlinearities have considerable effects on the optical properties of the system like the bistability of the cavity [22] and the squeezing of the output optical field [23] and also on the mechanical properties like the cooling process of the moving mirror [24] .
In a previous paper [25] we showed that the nonlinear atom-atom interaction in a hybrid system consisting of a BEC inside an optical cavity is very similar to the interaction Hamiltonian of a degenerate parametric amplifier (DPA) which can lead to the normal mode splitting (NMS) phenomenon. In a DPA a pump beam generates a signal beam by interacting with a χ (2) nonlinearity. This process has long been considered as an important source of the squeezed state of the radiation field [26] .
In the present paper, we consider a one dimensional BEC interacting dispersively with the optical field of an optical cavity. In the weak-interaction regime and us-ing the Bogoliubov approximation, the BEC can be described by a single mode quantum field (the Bogoliubov mode) which fluctuates about a classical mean field (condensate mode). Such a system behaves as a so-called atomic parametric amplifier (APA) in which the condensate acts as an atomic pump field and the Bogoliubov mode plays the role of the signal mode in the DPA. Besides, the s-wave scattering frequency of atom-atom interaction plays the role of the nonlinear gain parameter.
In the absence of damping processes, we calculate the time evolution of the state vector of the system and show that the degree of squeezing of the quadratures of the Bogoliubov mode can be controlled by the s-wave scattering frequency of atomic collisions. Since the s-wave scattering frequency is controllable through the transverse trapping potential [27] then the degree of squeezing of the Bogoliubov mode becomes controllable.
The paper is structured as follows. In section II we derive the Hamiltonian of the system and diagonalize it in two steps. In section III the evolution operator of the system in the Schrödinger picture and in the absence of damping processes is calculated and then the reduced density operator of the Bogoliubov mode of the BEC is derived. In section IV the effect of atomic collisions on the Q function of the Bogoliubov mode is investigated. In section V we will show how one can manipulate the suqeezing degree of the quadratures of the Bogoliubov mode throught the s-wave scattering frequency. Finally, our conclusions are summarized in section VI.
II. SYSTEM HAMILTONIAN
As schematically shown in Fig.1 , we consider a system consisting of a BEC of N two-level atoms with mass m 0 and transition frequency ω a inside an optical cavity with length L. The cavity is driven through one of its mirrors by a laser with frequency ω p , and wavenumber k = ω p /c. We assume the BEC to be confined in a cylindrically symmetric trap with a transverse trapping frequency ω ⊥ and negligible longitudinal confinement along the x direction [27] . In this way we can describe the dynamics within an effective one-dimensional model by quantizing the atomic motional degree of freedom along the x axis only.
In the dispersive regime where the laser pump is far detuned from the atomic resonance (∆ a = ω p − ω a exceeds the atomic linewidth γ by orders of magnitude), the excited electronic state of the atoms can be adiabatically eliminated and spontaneous emission can be neglected [28] . In the frame rotating at the pump frequency, the many-body Hamiltonian reads
Here, a is the annihilation operator of the optical field, ∆ c = ω p − ω c is the cavity-pump detuning, U 0 = g 2 0 /∆ a is the optical lattice barrier height per photon which represents the atomic back action on the field, g 0 is the vacuum Rabi frequency, U s = 4π
2 as m0 and a s is the two-body s-wave scattering length [28, 29] .
In the weakly interacting regime, where
is the recoil frequency of the condensate atoms), and under the Bogoliubov approximation [12] , the atomic field operator can be expanded as
where the first term is the condensate mode which is considered as a c-number and the operator c in the second term is the annihilation operator of the Bogoliubov mode. Substituting this expansion into Eq.(1), we can find the Hamiltonian of the system in the following form
(3) Here, we have assumed that the external laser drives the cavity for a limited time until the optical field and the Bogoliubov mode are prepared in a coherent and a vacuum state, respectively and then it is turned off and we let the system evolves by itself. In Eq. The third term of the Hamiltonian (3) corresponds to the atom-atom interaction and the fourth term is the optomechanical interaction of the Bogoliubov mode with the radiation pressure of the optical field with the coupling constant ζ = √ N U 0 . In a DPA due to the nonlinear interaction of the pump field with a nonlinear crystal a signal mode in a sqeezed state is generated [26] . The interaction Hamiltonian of such a system is
where the operators b and a are the annihilation operators of the driving field and the signal mode, respectively and G is the coupling constant which depends on the second-order susceptibility tensor that mediates the interaction. In the limit of strong driving field when its depletion is negligible, it can be considered as a classical field and therefore the interaction Hamiltonian can be written as
where β p and φ are, respectively, the amplitude and the phase of the driving field.
As is seen, the interaction Hamiltonian of Eq. (5) is very similar to the atom-atom interaction in the Hamiltonian (3) where the Bogoliubov mode c (with zero phase) plays the role of the signal mode a. Besides, the s-wave scattering frequency (ω sw ) plays the role of Gβ p in the DPA Hamiltonian. In this way, we are dealing with an APA where the condensate mode acts as the driving field and the Bogoliubov mode acts as the signal mode.
In the following we will diagonalize the Hamiltonian (3) in two steps and will show that the atom-atom interaction term is responsible for the generation of squeezed states in the Bogoliubov mode.
A. The first step of diagonalization
Since the radiation pressure of the optical field on the Bogoliubov mode acts as a driving field, so in the first step of diagonalization we use the displacement operator
where the parameter β is defined as
The action of this displacement unitary transformation on the operators c and c † will give the following results:
Transforming the Hamiltonian (3) under the unitary operator (6), one can find
After substituting Eqs.(8a, 8b) for c ′ and c ′ † in Eq. (9) the Hamiltonian H ′ reads
As is seen from this equation, the energy structure of the cavity-field Hamiltonian, corresponding to the first two terms in the right hand side of Eq. (10), becomes the anharmonic one due to the photon-photon interaction induced by the radiation pressure. The Hamiltonian (10) is diagonal in terms of the creation and annihilation operators of the optical field, while it is not diagonal in terms of the operators of the Bogoliubov mode due to the presence of atom-atom interaction term.
B. The second step of diagonalization
In order to diagonalize the Hamiltonian (10) in terms of the operators of the Bogoliubov mode, c and c † , one can use the squeezing operator
where ξ is the squeezing parameter. Transforming the operators c and c † under this unitary transformation leads to the following operators:
where µ = cosh ξ and ν = sinh ξ are defined in terms of the squeezing parameter ξ. The squeezing parameter should be so evaluated that the squeezing operator S(ξ) diagonalizes the Hamiltonian (10) . If the unitary transformation S(ξ) is applied to Eq.(10), then the Hamiltonian in Eq.(10) becomes
By using Eqs.(12a,12b), the Hamiltonian of Eq.(13) takes the following form
In this Hamiltonian E 0 = Ω c ν 2 + 1 2 ω sw µν is a constant which has no effect on the dynamics of the system. On the other hand, the term in the square brackets of the first term of the Hamiltonian (14) is the effective frequency of the Bogoliubov mode which we will denote it by the new parameter Ω ′ c . Furthermore, in order to bring the Hamiltonian (14) into the diagonal form, the term in the square brackets in the second line of Eq. (14) should be equal to zero. In this way, we will have the following system of algebraic equations:
With this system of algebraic equations the Hamiltonian H ′′ takes a diagonal form in terms of the operators c and c † as follows:
Solving the system of algebraic equations for the parameters µ and ν, they are obtained as
where the effective frequency of the Bogoliubov mode Ω
In this way using Eqs.(17a, 17b), one can obtain the squeezing parameter ξ = cosh −1 µ = sinh −1 ν. Therefore using the two unitary transformations, i.e., the displacement and the squeezing operators [Eqs. (6) , (11)], and based on Eqs. (13), (9) the Hamiltonian of the system can be transformed into the diagonalized Hamiltonian:
III. DYNAMICS OF THE SYSTEM
In this section we are going to study the time evolution of the state vector of the system in the Schrödinger picture in the absence of any damping processes i.e., the time interval in which we observe the system is smaller than the decoherence times of both the optical and the atomic fields.
In order to obtain the time evolution of the state vector of the system in the Schrödinger picture we need to calculate the time evolution operator U (t) = exp − it H .
However, since the Hamiltonian
Defining the unitary operator X = S(ξ)D(βa † a) and using Eq.(20) the time evolution operator can be written as follows:
In the second line we have used the operator theorems [30] . Since H ′′ is diagonal, calculation of the exponential function appeared in the last line of Eq. (21) is straightforward.
A. Evolution of the state vector of the system Now using the time evolution operator in the form obtained in Eq. (21) we can investigate the time evolution of the state vector of the system. If we assume the optical field of the cavity and the Bogoliubov mode of the BEC have been initially prepared, respectively, in a coherent and a vacuum state, then the initial state vector of the system is |ψ(0) = |α a ⊗ |0 c where the indices a and c refer to the optical field of the cavity and the Bogoliubov mode of the condensate, respectively.
In a previous paper [22] , we showed that by controlling the detuning between the frequencies of the laser pump and the cavity resonance, the fluctuation in the number of atoms in the Bogoliubov mode can be minimized. If it reduces to values below unity, one can conclude that the Bogoliubov mode has been prepared in the vacuum state.
Therefore, the time evolution of the state vector of the system can be evaluated as follows:
By expanding the coherent state of the optical field in terms of number states, the state vector of the system can be written as
where |βn, ξ c = S(ξ)D(βn)|0 c is a squeezed coherent state of the Bogoliobov mode (c) of the condensate. By substituting the right hand side of Eq. (16) for H ′′ in the above equation we will have:
Here, we have used the eigenvalue equation a † a|n a = n|n a .
The last expression in this equation, i.e., e −iΩ ′ c tc † c |βn, ξ c denotes the free evolution of a squeezed coherent sate which is given by [Appendix A]:
Using this equation, the state vector of the system at time t reads
B. The reduced density operator of the Bogoliubov mode
In order to determine the reduced density operator of the Bogoliubov mode, we first construct the density operator of the total system ρ(t) = |ψ(t) ψ(t)| where |ψ(t) is given by Eq. (26) . Then, taking trace over the degrees of freedom of the optical field, i.e., ρ c (t) = tr a [ρ(t)], the reduced density operator of the Bogoliubov mode is obtained as follows:
where the state vector |φ n,ξ (τ ) which is a vector in the Hilbert space of the Bogoliobov mode is defined as
Here, the time t has been replaced with the dimensionless time τ = Ω ′ c t. Besides, since the degrees of freedom of the optical field, i.e., operators a and a † , are not present in these equations and from now on we just deal with the degrees of freedom of the Bogoliubov mode, so we no longer need to retain the index c for identification of the state vectors of the Bogoliubov mode and therefore we have deleted it.
IV. Q FUNCTION OF THE BOGOLIUBOV MODE
Using the reduced density operator of the Bogoliubov mode, one can calculate any of the distribution functions of this mode. Here, we consider the temporal behaviour of the Q function [31] of this mode and investigate the effect of atom-atom interaction on the shape of this function. The Q function of the mode c is defined as
where γ is a c-number. Substituting the right hand side of Eq. (27) for ρ c (τ ) in the above equation, the Q c function reads:
The inner product γ|φ n,ξ (τ ) can be evaluated as follows: (31) where γ I is the imaginary part of γ. Therefore, the Q function of the Bogoliubov mode is obtained as
(32) In order to see the behaviour of this function in the course of time, we calculate it at the initial time (τ = 0) and also at τ = π/2. The Q function of the Bogoliubov mode at the initial time is obtained as follows
To obtain the function Q c at τ = π/2 we need to calculate the inner product inside the absolute value in Eq.(32) which we will denote it by f :
Using the definition of squeezed states, f can be written in the following form
The last line in the above equation is the inner product of a squeezed and a coherent state which can be calculated [33] . In this way |f | 2 is obtained as follows
where, by definition, µ ′ = cosh 2ξ and ν ′ = sinh 2ξ. Substituting this expression for the squared absolute value in Eq.(32), the function Q c at the instant τ = π/2 is obtained as follows
In order to examine the effect of atom-atom interaction on the behaviour of the Q function of the Bogoliubov mode we have plotted the function Q c (γ, τ ) in Fig.2 at the times τ = 0 and τ = π/2 [Eqs. (33) and (37)] for ω sw = 20ω R . For this purpose, we have obtained our results based on the experimentally feasible parameters given in Ref. [32] in which the number of N = 10
5 Rubidium atoms distributed in the optical cavity of length L = 178µm with bare resonance frequency ω c corresponding to a wavelength of λ = 780nm. The atomfield coupling constant g 0 = 2π × 14.1MHz, the detuning between the pump laser and the atomic transition frequencies ∆ a = 2π × 58GHz, and the scattering length of Rubidium atoms a s = 5nm. Besides, we have assumed that the intensity of the optical field inside the cavity is |α| 2 = 0.01. In Fig.2(a) the Q c function has been plotted at the initial time [Eq.(33)]. As is seen, the shape of this function in the phase space is completely symmetric and its cross section is circular. It is due to the fact that the initial state of the Bogoliubov mode has been considered to be a vacuum state. On the other hand, Fig.2(b) shows the Q c function at the time τ = π/2 [Eq.(37)]. As is seen, the cross section of this function has been squeezed along the γ I axsis due to the nonlinear effect of atom-atom interaction.
V. THE EFFECT OF ATOMIC COLLISIONS ON THE QUADRATURE SQUEEZING OF THE BOGOLIUBOV MODE
The quadratures of the Bogoliubov mode are defined as the operators q =
which obey the commutation relation [q, p] = i. If the state of the system is squeezed then the quantum fluctuations in one of these quadratures reduce at the expense of increasing fluctuations in the other one. The degree of squeezing in these quadratures are defined in terms of the squeezing parameters
where (∆q) 2 = q 2 − q 2 and (∆p) 2 = p 2 − p 2 are the quantum uncertainties. When S i (τ ) < 0(i = p, q), the corresponding state is a squeezed one.
Using the definition of quadratures and their uncertainties, the squeezed parameters [Eqs.(38a, 38b)] can be written in terms of the creation and annihilation operators of the Bogoliubov mode as follows:
A. Calculation of c and c † Using the reduced density operator of the Bogoliubov mode [Eq. (27) ], the expectation value of the annihilation operator can be calculated by the relation c = tr[ρ c c]. The expectation value of the creation operator can be obtained by the relation c † = c * .
In order to calculate this summation we first need to evaluate c φ = φ n,ξ (τ )|c|φ n,ξ (τ ) . By using Eq. (28) for |φ n,ξ (τ ) one gets
where we have represented |βne −iτ , ξe −i2τ by the state vector |s . In the second line we have used Eqs.(8a, 8b) with the substitution n for a † a and in the third line we have made use of Eqs.(12a, 12b). Now we should calculate c s :
In the third line we have used the unitary transformation S † (re iθ )cS(re iθ ) = µc−νe iθ c † . Now, using the eigenvalue equation c|βne −iτ = βne −iτ |βne −iτ , we will have:
Using Eqs. (43) and (41) the expectation values c and c † are obtained as follows
B. Calculation of c 2 and c
The squeezing parameters have been obtained in terms of the averaged values of the operators c and c † in Eqs.(39a, 39b) . Now using the expressions obtained for these averaged valued the squeezing parameters are obtained as follows:
These are functions of µ and ν which depend on the nonlinearity parameter ω sw through Eqs.(17a, 17b) and (18) . If the nonlinearity parameter is zero (ω sw = 0) then based on Eq. (18) 
These equations show clearly that in the absence of the nonlinear effects of atomic collisions the values of the both squeezing parameters are always positive. In the other words, when the nonlinearity parameter is zero the squeezing property of the Bogoliubov mode disappears.
In Fig.(3) the squeezing parameters corresponding to the quadratures of the Bogoliubov mode in the absence of the nonlinear effect of atomic collisions [Eqs(64a, 64b)] have been plotted versus the dimensionless time τ . The values of the parameters in this figure, just like those of Fig.(2) , have been chosen based on the experimental data of Ref. [32] .
On the other hand, considering the nonlinear effect of atom-atom interaction, i.e., when ω sw = 0, the parameters µ and ν are both nonzero and based on Eqs.(63a, 63b) the squeezing property appears in the Bogoliubov mode. In Fig.4 the squeezing parameters have been plotted versus the dimensionless time τ for different nonzero values of the s-wave scattering parameter. In Fig.4(a) As is seen from these figures, S q (τ ) is always positive for all values of the s-wave scattering frequency. It means that the squeezing property does not appear in the quadrature q. Instead, the squeezing parameter S p (τ ) for ω sw > 10ω R is always negative which means that the increase of the nonlinearity parameter (the s-wave scattering frequency of atomic collisions) causes the squeezing property to appear in the quadrature p. 
VI. CONCLUSION
In conclusion, we we have introduced a physical scheme that allows one to generate and control the nonclassical squeezed states in the Bogoliubov mode of a onedimensional Bose-Einstein condensate trapped inside the optical lattice of a cavity which interacts dispersively with the optical field of the cavity.
In the weak-interaction regime and in the Bogoliubov approximation, the atomic field of the BEC can be described by a single mode quantum field in a simple optomechanical model in which the quantum fluctuations of the atomic field (Bogoliubov mode) is coupled to the radiation pressure of the optical field of the cavity.
Using the similarity between the atomic interaction in the present model and the interaction potential of a DPA, we have shown that the condensate and the Bogoliubov modes in this hybrid system play, respectively, the roles of the pump field and the signal mode in the DPA system. In fact, as the nonlinear property of the crystal in the DPA system causes the manifestation of quadrature squeezing in the signal mode, in the same way the nonlinear effect of atom-atom interaction in the BEC can lead to the generation of squeezing property in the Bogoliubove mode of the BEC.
Therefore, the hybrid system under consideration behaves just like a parametric amplifier in which the s-wave scattering frequency plays the role of the nonlinear gain parameter. Since the s-wave scattering frequency is controllable by the transverse harmonic potential confining the BEC, so the degree of squeezing of the Bogoliubov mode can be effectively controlled.
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